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I. INTRODUCTION
This paper describes a mathematical approach to manpower
planning for an emerging Navy. The situation is that of a
small growing Navy with a comprehensive defense task. To ex-
pand and develop such a Navy to an appropriate size, a care-
ful and detailed approach to manpower planning is necessary.
To make the best use of the very limited manpower re-
sources available for the required rapid expansion, two poli-
cy decisions will be assumed:
1. All available domestic manpower resources would be
utilized in military billets, mainly on board ships, while
civilian billets in shore repair and logistic facilities
would be filled by foreign imported expertise.
2. In the beginning, inputs to the enlisted personnel
structure would be at several levels:
a. At the lowest level where sailors make their
way up via on the job training;
b. At the middle level "PO " where sailors would
come with some knowledge but lack experience.
The policy indicated above provides a solution for a rapidly
growing Navy during the early years of its expansion program,
but imposes serious long-term problems.
a. The foreign labor force cannot be maintained in-
definitely, but must be phased out smoothly
according to some time table;

b. The comparatively large numbers of petty offi-
cers who join at the middle level would soon
reach the top of the enlisted structure and
will have to leave, making room for others to
move up. If the only two exits for petty offi-
cers were to commissioned officers or outside
the organization, the organization would lose
needed experience.
A solution for the two problems would be to direct the exces-
sive enlisted personnel to the shore repair and logistic
facilities as replacements for the foreign labor force
according to the predetermined schedule.
It should be worth noting that some of the shore billets
will require skills and backgrounds that would not be avail-
able within the enlisted force. Such billets will be filled
from sources other than the enlisted force. One such source
is the commissioned officers force. The comparatively large
number of junior officers admitted to the organization in
the early years and the anticipated accelerated promotion
policy that is required to meet the expansion require-
ments are expected to force many officers out of the system
prematurely. Those officers could be directed to the shore
f aci li ties .
There are enough arguments that good CPO ' s do not usually
make good ensigns due to the big difference in what is re-
quired of each; accordingly when a CPO is promoted to an
ensign, the Navy is likely to lose the output of both.

II . MODEL OBJECTIVES
The model defined in this paper is designed to assist
in management decisions with relation to manpower planning
for policy making, training plans and budget planning.
A. POLICY MAKING




In this category questions might arise along the
following lines:
a. How many men should be recruited every year
and in what classes?
b. What would be the long run implications of
different growth patterns if adopted?
c. Where is the present recruiting policy leading
the force?
d. When should the recruiting policy be changed
to help reach desired levels at certain points in time,
and what should be the nature of the policy change?
2 Promotions
Questions may arise along the following lines:
a. What is the effect of maintaining the present
promotion policy?

b. What happens to the grade mix if promotions were
accelerated in the lower ranks and/or the higher ranks?
c. What happens to the grade mix if promotions were
halted for some number of years either throughout the system
or within certain ranks?
3 . Retirements and Discharge
The focus in this area is on the systemic impact on
the organization as a result of reducing the retiring age,
thus allowing a larger number of people to leave the system
from the comparatively lower ranks or vice versa.
B. TRAINING PLANS
This area deals with
1. Number of Trainees
a. What should be the capacity of the training
facilities?
b. How would a change in the length of the training
period affect the inventory at the training facilities, and
the system.
2 . Types of Training
This area deals with questions like:
a. How many people should be trained in what skills
to meet a required skill mix by a certain time?
b. What is the impact of adding or eliminating one
or more training curricula on the stock mix in the training




The questions that may arise in this section are along
the following lines:
1. How large is the fund required to cover the manpower
inventory costs in a given period?
2. What are the financial impacts of any of the




Ill . MODEL DESIGN
The Navy is comprised of the classes {recruits, sailors,
petty officers, officers, civilians}. Movements from one
class to another is permitted in some cases and prohibited
in others. There are flows to and from the system and the
outside on a continuous basis.
For simplicity, it will be assumed initially that the
organization is partitioned into ten mutually exclusive
states. Figure 1 is a diagrammatic representation of the
system. The lines connecting any two blocks indicate per-
sonnel flows between those two blocks in the direction of
the arrows. If we further assume that movements from one
state to another or to the outside are all linear in nature,
that is, in proportion to the number in the originating
state each period, then the system can be modeled as a
Markovian chain, represented by the P matrix in Figure 2.
The submatrix Q represents movements among the states.
A letter q in the (i,j) position in the submatrix Q means a
fraction q of the present stocks in the ith state will move
to the j th state in each period of time. No letter q in
the (i,j) position means that no flows are allowed between
the states i and j. The (i,j) position is at the intersec-
tion of row i and column j . The submatrix R represents the
outflows from the system. A letter r in the ( i , j ) position











































































11 r q q
12 r q q
13 r q q
14 r q q q
15 r q q
16 r q q
17 r q q q
18 r q q
19 r q q
20 r q
Fig. 2
Note: 1. Refer to Fig. 1 for definition of states 11 thru
20.
2. States 1 thru 10 are holding states for the sys-
tem outflows. State 1 receives outflows from




in the ith state will flow out to the j th state each period.
It should be noted that the letters q and r in the P matrix
indicate some positive fractions that sum to 1 on each row,
but do not imply equal entries in the Q submatrix or in the
R submatrix.
The inputs to the system from the outside are assumed
here to be a vector H = (h.,, h _, h ?0^ that flows to
the system each period.
Given the current stocks S (0) (S 11' S 12 S 2Q ) and
the matrix P = I
R Q
which quantifies the personnel manage-
ment policy and the vector H = (h , h > h ) which
represents the direct input to the system each period, then
the stocks after one period S and after (t) periods S
(00)













= H • (I-Q)
Q + H(Q + Q +...+I)
-1
(1)
We can also calculate the number of people leaving the
system during any given period.





, g 2 ,
G U) - S (0) R
g io )
G U) - S {t - L) • R
(oo)
-1
G V ' = H • (I-Q) X R (2)
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As a timing convection, p eriod t is used throughout this
thesis to define the time interval (t-l,t], thus time t is
the last instant in the period t, and time t-1 marks the




Given the following information:















11 .1 .1 .8
12 .3 .2 .5
13 o 1 .4 .5
14 .1 .6 .1 .2
15 .1 .2 .7
16 .15 .65 .2
17 .2 .5 .2
.1
18 .1 .1 .8
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IV. AREAS OF APPLICATION
A. POLICY MAKING
1 . Problem Formulation
This section is concerned with illustrating that by
manipulating the elements of the submatrix Q and/or the
vector H, one can simulate various policies and their prob-
able effect on the stock levels. The focus here is on one
part of the organization, namely the higher civilian grades,
state no. (20)
.
The main concern is to find answers to questions
related to the projection of the manpower inventory into
the future, given a certain policy, and a certain inventory
level. Questions on the following lines:
a. What would the steady state inventory be?
b. What can be done to change the result in some
desired direction?
c. How fast, or slow are the stocks moving in the
desired direction and what could be done to influence the
rate of change?
2 See example 1 for state definitions
3 This paper addresses the mathematical side of the prob-
lem only. The reader is cautioned that changing the para-






a. An ideal organization chart has been carefully
developed in detail showing the ultimate size of the system
under discussion and the required number of billets in each
grade
.
b. The promotion and attrition policies are stable
over a fairly long period of time.
c. The annual inflows to the organization are con-
stant over a fairly long period of time.
3 Mathematical Notation
(0)
Let S be the current time stocks in the state 20
"civilian grades, 6 through 13" where S = {s , S
















H = The annual inputs to the system where
H 20 " {h 201' h 202 h 208 }
where h = the annual input to S "Grade 6"
h = the annual input to S "Grade 7"





8x8 matrix that represents the promotion policy
within the civilian higher grades 6 through 13
where q. . = the fraction of the ith state that is
assumed to move up to the j th state and q. . will
always equal zero except when j=i or j=i+l.
8x8 diagonal matrix that represents the flows out
of the system where r. = the fraction of the
i
stocks in the ith state that is allowed to flow
out each period and
r . + q. . + q. .=1l 1,1 i , i+l
Let the states {01, 02 08} be holding states to receive
the flows out of states 201, 202 208 respectively. Now
the system can be described by the diagram in Figure 3 where
a line between two blocks indicates possibilities of per-
sonnel flows
.
The matrix P in Figure 4 is the mathematical represen-
tation of the system; however it does not show the vector
H . It should be kept in mind that H represents all in-
puts to the system i.e. direct input as well as the flows
from the organization at large 'to the system under discussion,
the state 20, civilian grades 6 through 13.
20
































C From college state 17
C From special trg. state 18














Sr LCDR from officers
state 16















201 r q q
202 r q q
203 r q q
204 r q q
205 r q q
206 r q q





4 . Model Application
The method is best exemplified by an interactive
model where information is fed to a computer and varied by
the operator to see the resulting patterns that follow a
policy change. The following example demonstrates that.
Ex . 2













— 'iV 'iV s% •#
following cases:
(5) (°°)
S 20 S 20 f ° r the
h 201 h 202 h 203 h 204 h 205 h 206 h 207
h 208
Case A 100 80 40 40 40 30 10 10
Case B 20 80 40 40 40 30 10 10
Case C 100 80 40 40 40 30 2 1
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Discussion of example 2
Q is a hypothetical promotion matrix that allows slower
promotions in the lower grades represented by states 201/ 202
and 203 than the higher grades represented by states 204, 205,
206 and 207. For example, the first row of the matrix indi-
cates that 80% of the stocks in state 201 remain there and
only 10% are promoted to state 202 each period. Similarly,
the 6th row indicates that only 40% of the stocks in state
206 stay there and 50% are promoted to state 207, each period.
If such a policy were representative of the real situation
one would expect Table II to be a representative of the stock
inventory at the indicated time.
Case B in Table II shows what would be expected when
inputs to the lowest grade suffer shortages, presumably as




Case C shows what happens when the input shortages take
place at the upper grades, presumably as a result of shortage
of flows from the other parts of the organization.
Case A acts as a reference line.
Comparing Case B to Case A line by line, one should
notice that the reduction of input to the lowest grade,
state 201, in Case B was immediately felt in that state only
from the first year. Note that the second line, S , in
The diagram in Figure 3 shows that large portion of the
input to the lowest grade comes through states 17, 18 and 19
Should flows from such classes become short we should expect
a pattern on the Case B lines.
25

Case A is identical to the second line, S , in Case B except
for the element at the first column, S . After one more
period the shortages are felt in the next higher state while
the remaining six states 203 thru 208 show identical results
under both cases. To verify this, compare the third line,
S , in Case B to S in Case A. It might also be useful
to note that the effect of reducing input to the lowest grade
upon the stocks in the other grades decreases in magnitude as
(00)
.it moves up the organizational hierarchy. Compare S in
(00)Case B to S in Case A; the lowest state 201 is reduced
from 500 persons under Case A to only 100 under Case B; state
202 is reduced from 433 to 300 and the highest state 208
is reduced from 198 to 181 only.
When the reduction of input occurs in the two highest
grades only, states 207 and 208, as in Case C, obviously no
changes take place in the preceding states 201 thru 206.
If for some reason the Q matrix is changed to reflect a
policy of faster promotions in the lower grades than in the
higher grades the projection of the inventory over some period
of time will be much different.
While in real life a change of the promotion policy may
have psychological impact on the human behavior which causes
further changes in the elements of the mathematical model,
such as the rate of attrition or therate of recruitment, it
is assumed here that all other elements are held constant.
26

O below is a reflection of such a policy with the assump-
tion that attrition is held at the same level as in Q 2Q -
20











CO o o 00 m en U3 O O O CO d ro U3 P* o
o o co M3 vO VD MD O O 00 <£> vQ >£> V0 CO o








F« o O "3* v£> "3* LD O O O ^ ^ •<* in en o CN CN CN en <n ^
o o en CTi o CN •^r o O en en o CN ^r x> o CO CO <T> O CN CO
CN <-i .H rH <-i CN r-i r-l H r-i rH rH rH rH r-i
v£> O o en •^ CO m r-i O O rn "«f CO in CN o O m <tf CO in r-i
o o en en o CN r> o O en en o CN r~ -q" o CTi en o CN r» o
CN m en •^ \o r- 00 CTi en PI <* vO r^ CO r* en m ^r \o r* C0 CTi
CO
in o vO in in •*$ o rH o O in m "* >£> CN o <& in in T O <-{
o o m en r» r-i en in o m en r» r-i CN en o m en r> r-i m in
CN
2








m <& r^ CO o en
r-4
in r-
<* o o ^ r-i r-i CN r-i o o TJ1 r-i o CN CN O O * r-i r-i CN r-i
o o 00 o r-i rf CO o o 00 o r-i en m r~ O 00 o r-i *3> CO o
CN CO CO r-i If m •*r m CO CO r-i ^r in ^r en CO 00 r-i *? in <tf in
CO
en o o m "^ o & vD o o IT) O r> o CN o o m •*r o <£> <£>
o o en r- in in 10 in o en r» en en en <* o en r> in in <£> in
CN 00 r-i m * r-i CO en 00 r-i in <f o r~ CN CO r-i in <* r-i 00 en
CO
CN O o CN r» en vD \o O o *T in en co CN O o CN r^ m U3 O
O o CO in U3 CD r*» r~ o CO O CO O x> \0 O co in vQ o r* r»
CN in CO CN r~ in en CN in CO CN U3 <* CN r-i in co CN r^ Lfl en CN
CO
r-i o o o en CO r- en o O 10 CN m en en O O o en CO p* en
o o o r-i en in "* *r o CN o co ^r en CN o o r-i en in s]" •sr
CN o r» en r-i r-i r-i r-i o & CN o r~ en r-i H r-i rH
CO CN CN CN
o rH cn co ^ m
CO CO CO CO CO CO
V 3SVD
o r-i cm en *r in 8
co co co co co co co
a asvo
o r-i cn ro ^ in 8










> 0) o LD








^ m en ^
^r IT) rH rp p-
^ m in rH yQ cn
CO r» en vo m m CN
o o o o o O O
CM • • • • • •
] o o o o o O
<£> rH "tf CO
VO CN <tf o m r-
m ^0 O CN o r*-
t-» CO O CO vO r- in
o o .H O o o o











T CN ST CN
> O rH iH rH
CN • • •
cu CO O o o
r^
JQ
CO CN en en
Eh ON rH O
m rH f> CN
O H rH rH










[-» ^D fO &
U3 r^ CO CN r^ in
in en ^3 m m ^r m
o r-t r-\ r^ CN CN CN







CN in in KD ^0
m CO m in J> U3
CN vo in \D CO vD CO
O <-i ^-\ r-i o O o








in ^0 ro CN
r-\ r~ en CN en CO
00 CN o •^ r-t ^
rH 00 m en "3* rH T
O r-{ o rH o o o
CN • • • • • •
CO
m u m u
CU CU CU CU CU CU
CO CO CO CO CO CO
(TJ rtS <tJ <a 03 rd
u u u u O CJ
A £
P o +J O
•H CN H CN
5 ex s IO!
29

Table III shows the solution of ex. 2 using Q_^. A com-20
parison between Tables II and III/ line by line, shows that
the fast promotions in the lower grades reduces the inventory
of those grades considerably; however, contrary to one's
intuition, no build up occurs in the higher grades. Table IV
shows the total number of persons in the system at the steady
state. It is worth noting that the total size is larger
under the policy represented by Q 7C. than under the policy
represented by Q 7a in spite of keeping the attrition rates
the same under the two policies.
Table V shows the percentage distribution of personnel
over various grades in the steady state under each of the
two policies and with each of the three cases.
The objective of example 2 and the above discussion is
to illustrate that the size and composition of a personnel
system is governed by flows in, flows out, and promotion
policies jointly. To predict the long term impact of a
change in a single area requires an understanding of the
interaction among all the elements in the overall picture.
30

5 . Growth and Decay
The discussion has so far addressed a constant size




However, organizations in real life are either grow-
ing or decaying. An expansion of the previous discussion is
necessary to show what would happen if the inflows were not
constant but were varied at a constant rate.
a. Geometric Growth [2]
Let H be the input vector in period and let
9 be the desired rate of growth, i.e. 8 > 1. Now the input
vector at time t
f
















a H S B^V (3)
1=0





H (I . a,-i (4 ,
While the above formula provides insight into the future
projections of the inventory level, given a geometric rate
of growth 9, it further indicates that the equation exhibited





If the organization were to contract in size,
the rate of decay cannot be controlled by the value of 9
beyond some limit. For example, if no flows were allowed into
the system, making the organization die through natural
attrition, this would imply that 0H = 0, i.e. 9 = 0. With
9=0 the above formula would collapse. Thus the rate of
decay must have an upper bound which cannot be exceeded and
9 must have a lower bound beyond which it cannot go [2]
Ex. 3
Given the Q and Q matrices in example 2
show the stock levels at the end of each of
the periods {l, 2, 3, 4, 5, 15, 25 and 26}.
Given S (0) = {2000, 1500, 800, 600, 300, 100, 100}
H
(0)
= {100, 80, 40, 40, 40, 30, 10, 10}
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Discussion of Example 3
Table IV shows that stocks started decaying in
spite of the .05 desired rate of growth. This is because
the initial flows in vector H are much more less than the
flows out; thus the system showed decay symptoms. To ex-
plain this further, consider S under the Q policy between
periods zero and one. ^ starts with 2000 at time zero
and reaches 1705 at time one. Referring to Q in example 2
one finds that 0.8 stay, 0.1 get promoted, 0.1 move out,
and 100 persons flow in each period. This means 0.2 of 2000
which is 400 persons move out and only 100 persons move in, in
that period. It is clear that increasing the 100 to balance
the 400 requires many periods, if the growth rate is 5%
only. Now consider the same state between periods 25 and 26.
S reached 1428 at time 25; the flows out are 0.2 x 1428 =
2 6285.6, and the flows in are (1.05) x 100 = 355.6, i.e. a
net increase of 70 persons are added to the inventory of
time 25 which makes 1498 persons at the next period, time 26.
After the growth rate catches up with the decay, then the
stocks start growing at the constant rate governed by 0. It
can easily be verified that the stocks at time 26 are 1.05
times the stocks at time 25.
It is further noted that, while the stocks keep





becomes stable as t grows
N




stable condition to occur, t must be large enough. In ex-
ample 3, Table VII indicates that the system reached that
condition under the policy represented by Q 9n at time 25.
It can readily be seen that S
(26)
(25) has the same composition
(t)
as S ' ' . An interested reader may calculate S for any
t larger than 26 using equation (4) to verify that the com-
position does not change.
It is worth noting that Table VII shows under
the promotion policy represented by Q~ n that the system becomes
very close to the stable composition at time 25 but needs




1 . Problem Formulation
The focus here is on the training aspect of the sys-
tem. The model will monitor the quantities and qualities
of the training and will help predict the impact of changing
the training policy on the training facilities as well as
on the entire system. This discussion first addresses the
quantity issue to answer questions about the capacity of




a. The state 18 "special training" is the main
training facility in the system.
b. Individuals are trained there over a range of
skills. A range of five skills is considered here for
illustration purposes.
c. Different skills require different lengths of
training time; some require a one year program and some
require a two year program.
d. Trainees come to the training facility from two
sources namely, CPOs from the petty officer class, state 14,
and college graduates from the sponsored college training
c lass , state 17
.
6Quantities here denote aggregate number of individuals
in the training facilities while qualities denote the number




e. Movements through and out of the training system
follow fixed rules that are stable over a fairly long period
of time.
3 . Mathematical notation
Let E be the number of chief petty officers that
flows to the training facility at time t
U be the number of college graduates who flows
to the training facility at time t
W (t) = E + U = total inflows at time t
aW = the fraction of the total input that flows
to the one year program skills and
(l-a)W the fraction that flows to the
two year program skills.
Let the training system S be partitioned as follows:
1 8
S = Individuals enrolled in the one year program18 1
S = Individuals in the junior year of the two year
program
S = Individuals in the senior year of the two year
18 3 program
.
Let states g n w g n9 and g be holding states receiving the
flows out of the system as follows:
g = Individuals dropped out of training
g = Individuals graduating from the one year program
g _ = Individuals graduating from the two year progra
Let H be a row vector of flows into the system
H = {aw, (1-a) W,o}
Now the training system can be represented as the diagram
in Figure 5 or equally the P. Q matrix in Figure 6.1 8
m
The third element of H is zero, indicates no flows are
allowed from outside the training system directly to state
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Now the variable elements of H are E and U. To obtain them,
the state 14, petty officers, and the state 17, college
graduates, have to be broken into their respective components
Under equilibrium conditions, those states become constant in
size, hence E, U, and W become constant and the equation
becomes
(00) -1








= H^d-Q^)" 1 . R 18
where G = (g Q1 , g Q2 , g Q3 )
4 . Model Application
The application here is also on an interactive basis
The model can be used to iterate a current situation for a
number of years and display the stocks and the outputs rele-
vant to each future year, thus the decision maker can see
the peaks and valleys in either the stocks or the output and
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can simulate a corrective action and see the probable result.
Another useful application is the simulation of changing the
length of training to see the impact on the projected output
of the system.
Ex. 4
"Table VIII below shows the values of E and u as projected
gfrom a computer printout for the periods indicated. Given
the stock vector S shown below, and the system's matrix
P in Figure 7, and knowing that a = 0.3, calculate:
1 o
a. The stocks in the system at the end of each of
the periods indicated.
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1 2 3 4 5 6 00
one year prog S 181
23 20.9 26.09 37.11 45.71 45.07 49.75
junior year S
182
54 54.2 66.84 93.87 116.77 117.85 106.25
senior year S
183
39.2 34.38 34.24 41.82 58.41 72.98 67.07
dropouts g
oi
18 13.91 13.6 16.38 22.72 28.56 27.1
one year grad g02 42.5 19.55 17.77 22.18 31.54 38.85 42.46
two year grad g03 63 35.28 30.94 30.82 37.64 52.57 60.36
Decisions that affect the elements of the Q
,
n matrix or the18
H vector would have results along the lines shown in ex-
1 o
amples 2 and 3, illustrated earlier; however varying the
time length of training would lead to situations the planner
might want to consider.
Ex . 5
Suppose in the previous example the two year program was
extended one more period, i.e. those who succeed in the second
year of training do not graduate but enter a third year of ad-
vanced training. At the end of the third year .07 would re-
peat the training, .03 would dropout and .9 graduate. What
would the new flows and stocks look like over the same period
of time, given the same data in ex. 4 , after adding a zero
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element to be the fourth element in each of the row vectors
H and S (0) ?
Solution ;
The new P matrix would be as follows
1
8




181 .05 .85 .1
182 .2 . 2 .6
183 .03 .9 .07
Fig. 8
The states would be defined as follows




_ . individuals in the final year of the three year184 2 2
program
g individuals who graduate from the three year
program.
All other states keep the same definitions as ex. 5.
Table X
1 2 3 4 5 6 oo
one year prog S
181
23 20.9 26.09 37.11 45.71 45.07 50
1st year of
3 year prog S 182 54 54.2 66.84 94.23 116.85 117.87 106
2nd year of
3 year prog S 183 39.5 34.38 34.24 41.82 58.63 73.04 67.1
3rd year of
3 year prog S 184 63 72.36 68.53 35.61 40.13 55.58 64.9
dropouts g
oi 18 15.82 15.77 18.44 23.86 29.79 29.0
one year grad 902 42.5 19.55 17.77 22.18 31.54 38.85 42.5





under the two different policies
1 2 3 4 5 6 00
Policy
I
116.2 109.48 127.17 177.8 220.89 235.9 223 .07
Policy
II
179. 5 181.36 195. 7 208.77 261. 32 291. 56 288.0
Table XII
Comparison between training output
under the two different policies
9
1 2 3 4 5 6 CO
Policy
I
105. 5 54. 83 48.71 53 . 00 69.18 91. 38 102 .82
Policy
II
42.5 76.25 82. 89 83.86 63. 59 74.97 100.91
Tables IX, X, XI and XII show that under almost the same ad-
vancement policy and with the same inputs of trainees, the
training facility in the previous examples would turn out
much different each year and require a different size capa-
city.
This type of information would help the planner better
manage the interface between the training program and the
manpower requirements of the organization as the output of
the training system comprises an important portion of the
input to the organization. This leads to the following
discus s ion
.
Training output = g Q2 + g Q3
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5 . The Partition by Skills :
The number of graduates from each program might not
be sufficient. The planner may need to know the levels of
stocks and flows by skill. To get these details, he will
have to expand the input row vector H into a matrix H, an
M x N matrix, where M is the number of skills in the program
that contains the largest number of skills and N is the
number of programs in the training system.
Let h. be the j th column in the matrix H. This is
-D -
the breakdown of the j th element in the row vector H by
skills. Whenever the j th element of the row vector H is
zero, i.e. no input from outside to the state j, the column
h. will be all zeros,
-3





H = h ll
h 12 °
h 21 h 22 °





eh = J* h - h , eh = T* h = h , eh. = T* h. . 5. h
.
—1 r—' ll 1 —2 Z—ri2 2 —i <t—> in ii=l i=l i=l
where e is an M row vector of ones
e = (1, 1, ... .1)
The H matrix is the partition of all joining individuals by
program and by skill, so the h.
. element is the number of
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people joining the ith skill in the j th program. The dis-
tribution of h. over the elements of h. is according to an
3 -J





< 1 and ea . = 1
- iJ - J"ij
2j
Mj
the number of individuals allowed in skill i of program
j = h . a . . .
Let each program be represented by a state, then, the row
vector S can be expanded to be the matrix S_ with the same
size as H_. Now substituting S_ for S and H_ for H in the
equation, the results would be in a matrix form showing the
numbers of individuals in each program of each skill. The





(1)Given the input vectors H in ex. 5 and the fact that
the annual input to the one year program was usually distri-














and the inputs to the two year program were distributed over





and the current stocks in the training facility were repre-















The policy matrix P was still in effect. Find the expanded
1 o





M is the largest number of skills in any one program
M = 4










h = 18 x .
3
= 5.4
h = 18 x .2 = 3.6
h = 18 x .
5
= 9.0
h„ . = 18 x =41







42 x . =
42 x .4 =














































Note that eS (1) = S (1)
eS_
(1)
= (23.0 54.0 39.50)
The above vector eS can be easily compared to S in
example 4 above to show identical results ; however the matrix
S_ reveals more details than the vector S . Solutions
for all of the other periods can be found similarly.
The user must be cautioned that all skills in a particular
state share the same q and r which implies an assumption
of no segregation among the skills in one grade with respect
of advancement and attrition from that grade. Whenever
such an assumption is not realistic, more states have to be
added to the Q matrix.
6 . Interface with Organization
Graduates from the training facilities, state 18,
join the organization through the civilian grades, state 20.
4 9

They all join in grade 6, state 201, in the appropriate
skills. This requires that the input row vector
H 20 ~ {h 201' h 202' * * ' h 208 }
be expanded to the matrix H~n of size M x N where M is the
largest number of skills in one grade and N = the number
of grades. Likewise S is expanded to be the matrix S 10
of size M x N
.
This arrangement will have no effect on the size of






£18 " -18 Q 18 + ^18
In the steady state
2-18 »i8 (I -2i8
rl <6)
Likewise the flows out of the system would be in matrix form,
where G is an M x N matrix,
—1 o
a" 8 - iis'^Ois'"
1
R is (7)
Thus inflow, outflows, and stocks can be identified and
carried forward from one period to another in matrix form.
This shows numbers of individuals in each skill in each
grade
.
While the above arrangement gives useful details, it
has two implicit additional assumptions.
a. All skills in any grade are treated the same
with respect to promotion and attrition, i.e. regardless
50

of the type of skill a person has, he is entitled to the
same chance for promotion and attrition.
b. The above assumption leads to another one that
says "every person has a chance to reach the top of the
organization, governed only by his grade, regardless of his
skill" .
In reality, the assumptions above may very likely
be untrue. The model can be adapted to accommodate the
real situation by increasing the number of states N. Thus
dividing S. into two states S. and S . . where the skills in
1 1a lb
one grade i are split in two groups a and b, so that each
group might have a chance different than the other group
for promotion to next grade (i + 1) . This will result in more
realistic projection at the price of increasing the size of
Q no , R n , H n _ and S. . The same concept may be used to allowId Id —Id —Id
for blocking certain skills from moving up the grade
hierarchy. This could be done by designating the highest
allowable grade for some skills a blocking grade and divid-
ing it into two states S. and S., where all skills movela lb
from S. . to S. or S., with equal chance, then those in S.l-l la lb la
can continue to move up to S , . _ . while those in S., are(l+l) lb
blocked.
C. BUDGET PLANNING "
The objective of this section is to find ways for calcu-
lating the budget required for various inventory levels, and
the effect of policy changes on the budget requirements.
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The discussion will show how models can be used for the cal-
culations and will address the financial impact of the policy
changes
.
1 . Problem Formulation
For the civilian population within the Navy, budget
is most affected by:
a. The number of people in each grade
b.- The personnel time in service
c. The different types of skills within each grade
The system needs to be quantified along these three dimen-
sions. In the first part of this section, the vector S =
(S
, S ,...S ) was a representation of the system along one
dimension, the pay grades. In the second part, the vector
S was expanded into a matrix S_ = M x N to represent the
system along the N grades and the M skills. In this part,
another dimension is introduced to represent the system
along the length of service using the three dimensional
array L = M x N x K where K = the highest level of salary
IT 10allowed in any grade,
and (t) = L (t) , (t) (t) (t)
'K
where Z (t)
(if j/k) = number of persons in skill i, grade j
and pay level k, at the conclusion of
period t.
"10
Salary levels are arranged such that a person's salary




























Let A., , be an N x M matrix where a.. , , = the allowance(k) (i,],k)
payable to individuals in skill i, grade j and a salary level








Now the annual allowances payable to all personnel over the
t period equals B where
a





d, j ,k) (i, j ,k) (8)
The salaries vary according to grades only, regard-
less of the type of skills. Let C be an N x K matrix where
N = 1,2, ...,N grades
K = 1,2, ...,K pay levels and
c.
.
= the annual salary that is payable to grade i
of pay level j where











(t) 2 £ i.S 'a (Jlc=l i = l i=l ^ x '-"' *) ] C jk (9)
The budget estimate is the sum of equations (8) and (9) . It
is denoted by B
where B < fc > = B U) + B U)
a c
(10)
3 . Model Application
The model has been modified in the previous section
to yield information about the budget. The main question
raised here is the budget size required, given certain
policy, salaries and allowances table.
Matrices A and C, described earlier, would capture
the financial data and would vary the model output according
to the variations in the financial data input. The matrix
L would capture the manpower policy changes through its H
and/or components
.
Once all variables are entered in the formulas, then
the budget estimation becomes a matter of programming.
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Ex. 8 below illustrates an eight grade system with six
skills and five levels of salary.
Ex. 7
An organization starting with
1) The inventory stocks S as follows
Skill 1 40 30 20 25 20 18 15 10
Skill 2 30 25 15 20 20 16 20 8
Skill 3 20 25 10 15 18 16 18 8
Skill 4 20 10 10 15 16 12 12 6
Skill 5 20 18 12 10 6 4
Skill 6 12 8 8 4 2











20 18 16 12 8
18 10 12 10 6
16 14 10 8 8
10 8 8 6 8
8 6 6 3 4
6 4 6 7 4



















S3 .75 . 2
S4 .75 .2
S5 .7 . 1
S6 .7 .1




4. The basic salary table (in thousands of dollars)
table 8,
Table XIII
Level 1 Level 2 Level 3 Level 4 Level 5
S = Grade 1 4 4.5 5 6 7
S = Grade 2 5 5.5 6 7 8
S = Grade 3 6 6. 5 7 7.5 8.5
S . = Grade
4
4 7 7.5 8 8.5 9
S = Grade 5 8 8.5 9 10 11
S c = Grade 6 9 10 11 12 12
S_ = Grade 7 10 11 12 13 13
S = Grade
o
8 12 13 14 15 15
5. The basic allowances table (in thousands of dollars)
table 9,
Table XIV
Skills Skill Skill Skill Skill Skill Skill
Grades 1 2 3 4 5 6
S = Grade 1 .2 .1 1
S = Grade 2 .4 .12 1. 5
S = Grade 3 .6 .15 2 .5
S = Grade 4 .8 . 2 .4 1.0 .2
S = Grade 5 1 .3 .5 1.5 .6
S. = Grade 6
6
1.5 .5 .6 2 1
S = Grade 7 2 .7 1 2.2 2
S Q = Grade 8o 3 1 2 2.4 4
and the above allowances increase by a rate of 10% of the basic
allowance table annually to a maximum of 50% at the highest
level f
REQUIRED
a. The organizational layers by paylevel during the
fourth year
b. The salaries for each layer over the fourth year
c. The allowances over the same period
































= H == 30 28 18 20 18 16 12 8
28 24 16 18 10 12 10 6
18 22 12 16 14 10 8 8
16 12 10 10 8 8 6 8




























13. 5 20. 1 13. 4 14.4 13 8.,4 5 3.6
12 12. 2 9..9 9.5 7. 6 6.,4 3 .8 3.5
6 7.6 5. 8 4.,8 2.1 1.75




=HQ = 16.,9 24. 7 19.,7 17.8 15.3 10.8 5.1 1.9
15.,7 21.9 17.,3 15.9 10.8 7.64 4.04 1.47
10.,1 17.8 14.,1 13 .5 12 7.18 3.34 1.69
9 11.5 9.,87 9.11 7.22 5. 24 2.54 1. 59
4..5 6.9 5.58 3.94 1.53 0.805





=HQ = 12. , 7 21.9 19.,7 17.3 14. 3 9.07 3 .63 1.01
11.,8 19.6 17.,4 15.4 10.7 6.42 2 . 78 0. 79
7.,59 15.4 14.,1 12.9 11.1 6. 22 2.39 0.843
6.,75 10.5 9.,71 8.8 6.87 4. 39 1.79 0.763
3.,37 6.07 5.29 3.32 1.16 0.398








































































1st Layer 2nd Layer 3rd Layer 4th Layer 5th Layer
L i£i L 2^2 L 3^3 4—4 L 5^5
Grade 1 368 310. 5 258.75 232.88 243 .63
Grade 2 430 455.95 455.85 471.32 524.81
Grade 3 384 423.8 458.36 482. 29 586.12
Grade 4 546 534.75 532.12 535.35 659.93
Grade 5 480 489.6 491.22 515.09 732.61
Grade 6 522 466 422. 18 387.89 474.24
Grade 7 460 316.8 228.72 173. 78 190.49
Grade 8 456 227.5 118. 16 64.935 47.507
Total 3646 3224.9 2965. 4 2863. 5 3459. 3
Table XXI
Allowances
Level 1st Layer 2nd Layer 3rd Layer 4th Layer 5th Layer
Grades
Grade 1 24.8 20.46 16.74 13.601 13 .732
Grade 2 32.08 35»125 35 .824 34.863 36.725
Grade 3 37.2 40.458 43.696 46.224 52.275
Grade 4 35.2 35.728 36 .432 37.238 51. 56
Grade 5 39.4 41. 118 42.178 42.814 63.033
Grade 6 54 47.784 42 .922 39.106 50. 765
Grade 7 59.6 41.096 29.705 22.584 24.854
Grade 8 71.6 36.85 19.706 11.122 8. 1885
Total 353.88 298.62 267. 2 247. 55 301.13
The required total budget is the sum of both tables XX and
XXI shown below in Table XXII.
Table XXII
Grades 1st Layer 2nd Layer 3rd Layer 4th Layer 5th Layer Total
Grade 1 392.8 330.96 275.49 246.47625 257.36484 1503..0911
Grade 2 462.08 491.0752 491.6736 506.18182 561.53756 2512..5482
Grade 3 421.2 464.258 502.0556 528.51127 638.39623 2554..4211
Grade 4v 581.2 570.478 568.552 572.58684 711.48613 3004..303
Grade 5 519.4 530.718 533.3976 557.90381 795.63866 2937.,0581
Grade 6 576 513.784 465.1016 426.99382 525.00522 2506.,8846
Grade 7 519.6 357.896 258.4248 196.36838 215.34007 1547.,6292
Grade 8 527.6 264.35 137.8664 76.05702 55.695752 1061.,5692
Total 3999.88 3523.5192 3232.5616 3111.0792 3760.4645 17627.,504
58

The data calculated for the previous example could be mani-
pulated to yield more useful information at little cost.
For example the layers L , L ... L_ could be summed along
any of the three dimensions, skills, grades or level of
salary to give information about the entire organization
along the other two dimensions. Table XXIII below is a
summation along the skill dimension to show the total inven-
tory in terms of grades and level of salary.
Table XXIII
1st Layer 2nd Layer 3rd Layer 4th Layer 5th Layer Total
99 fi9 R2 39 35 287Grade 1 2 69 5
Grade 2 86 83 76 67 66 378
Grade 3 64 65 65 64 69 327
Grade 4 78 71 67 63 73 352
Grade 5 60 58 55 52 67 292
Grade 6 58 47 38 32 40 215
Grade 7 46 29 19 13 15 122
Grade 8 38 18 8 4 3 71
Total 522 440. 380 334 368 2044
Dividing Table XXIII, the total inventory into Table XXII,
the total budget, yields Table XXIV which is the average
cost per person per year over all skills in a given grade
and salary level during the subject time period.
Table XXIV
1st Layer 2nd Layer 3rd Layer 4th Layer 5th Layer Total
Grade 1 4.2696 4.7965 5.3235 6.3504 7.3945 5.2488
Grade 2 5.373 5.9237 6.4715 7.5178 8.5598 6.6503
Grade 3 6.5813 7.1205 7.6673 8.2188 9.2581 7.7893
Grade 4 7.4513 8.0011 8.5477 9.0912 9.7032 8.532
Grade 5 8.6567 9.2139 9.7728 10.831 11.946 10.118
Grade 6 9.931 11.025 12.118 13.21 13.285 11.669
Grade 7 11.296 12.427 13.558 14.689 14.696 12.698
Grade 8 13.884 15.106 16.335 17.569 17.585 14.86
Total 7.6626 8.0281 8.5027 9.2879 10.257 8.6296
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Column 6 of Table XXIV is the result of dividing column 6
of Table XXIII into column 6 of Table XXII element by
element, giving a weighted average of the annual cost per
person per grade over all skills and all layers in that
grade. Similarly, row 9 of Table XXIV indicates a weighted
average of the annual cost per person per layer over all
grades and all skills in that layer. The figure in row 9,
column 9 of Table XXIV would indicate a weighted average
of annual cost per person over all the grades, skills and
layers.
These are a few examples of the possible sets of
data the user might get by manipulating information obtained
by the model; however, one must be cautioned that the model
has an implicit assumption that everyone joins at the lowest
level of salary in his grade, (i.e., no prior service is
allowed for) . This assumption simplifies the calculations
because of the limit it imposes on the number of states,
thus making H, S_ and Q as small in size as possible. This
assumption is also valid in most cases because inputs to
the system from either the training facilities or promotions
would join in the lowest level of their respective grades;
however, individuals who join by transferring their services
from other government agencies may bring some seniority in
their grades with them. The model can accommodate this by
adding more states to S_, H and 0, thus increasing the size





Markovian chains have been in use in various management
related fields for many years. This thesis is a demonstra-
tion of their use in manpower planning. The discussion
addressed the planning needs of a specific organization; how-
ever, the theme was kept general.
The model focused on two parts of the organization,
namely the civilian grades and the training facilities, and
the same logic and techniques are applicable to all other
parts of the organization. One may visualize ten matrices,
representing the ten parts of the organization, or one large
matrix representing the entire organization. For simplicity,
the subject system, state 20 or state 18, was assumed to be
isolated and the flows to either one were assumed to be
directly controlled. This should be considered realistic
because in steady state, the flows from the other parts of
the organization to those states, as well as to other states,
will eventually become constant. Those constant flows are
variable through the manipulation of the model's elements.
The steady state explains how the organization might
maintain a constant size and composition irrespective of time
This seems unrealistic because organizations in real life do
grow; yet a planner may find it useful to visualize the
expansion of the organization as a continuous movement from
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one steady state to another. This explores different sets
of policy changes that are necessary at different points in
time if the organization's growth is to be kept under control.




The model is simple enough, yet covers a wide range
of situations. Because of the repetitive use of the same con-
cepts, formula and calculations in each situation, the user
rapidly builds up the required familiarity and expertise in
handling the model.
The user does not have to be well versed in mathematics
and probability theory to use the model. He will only have
to know the parameters that are under his control and vary
them through interaction with a computer terminal without
worrying about the calculations.
The simplicity of the model combined with its inter-
active capability will tend to create a user's sensitivity
to the long run implications of a policy change, thus serving
an educational purpose.
2. Flexibility
The model demonstrates a Markovian chain application
in each part of the organization; yet, whenever this concept
proves invalid, the subject part can be isolated and modeled
differently, and the interaction with the organization can
resume within the general framework of the model.
The model demonstrates the extent of precision as
a function of the Q matrix size. The size of the matrices
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can change at the user's discretion depending on the nature
of the problem being studied. For a more detailed solution,
the user will have to use a more extensive partitioning
scheme. This is due to the implicit assumptions that go with
the Markovian chains.
C. LIMITATION
The limitations, in general terms, are represented by the
wide gap between pure mathematics and real life situations.
This section addresses two main reasons why the model may not
simulate the actual reality and will touch on some remedies.




History of Previous Movements
Markovian chains assume that the movement to a state
depends only on the state occupied during the previous
.
period
and is not affected at all by the prior history. This means
that if q _ is 0.3, for example, then 30% of those in state
6 , /
6 will move to state 7 each period, regardless of how many
are in either grade.
To get around this difficulty, the mathematical




Influence of Human Behavior
Markovian chains have the implicit assumption that
transition probabilities from a state are independent of the
other transition probabilities. This may not be completely
true in real life. To illustrate this point, suppose a
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decision maker decided to decelerate promotions from one par-
ticular grade to the next higher. Then, according to the
Markovian assumption, this would affect only the two elements
in the matrix that represent the flow between the subject
grade and its next higher. In reality other flows may be
affected as well, for example an increase in attrition from
the subject grade, the grade before or from the organization
at large. This can compromise the model's result v/hen large
changes in promotion opportunities are considered. A planner
must consider the human response to a policy change and try
to represent all its dimensions by varying all the mathemati-
cal elements of the model that are likely to be affected.
D. SUMMARY
The model described in this paper, like all planning
models, is best used for exploring trends in the organiza-
tional behavior over some time horizon.
It can be used for calculating actual stocks and flows
especially over a short time horizon, provided that the
model's elements were chosen as representative as possible
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